Localization effects in a metallic carbon nanotube are studied as a function of Aharonov-Bohm magnetic flux. The conductance exhibits the behavior of strong localization except in the absence of a flux. When the Fermi level lies in higher bands, the localization effect becomes smaller at a half flux quantum due to the recovery of the time reversal symmetry. A clear symmetry crossover occurs due to perturbations such as trigonal band-warping and scatterers with potential range smaller than the lattice constant of the two-dimensional graphite.
§1. Introduction
Carbon nanotubes exhibit interesting transport properties. In metallic nanotubes, in particular, the backward scattering is entirely suppressed for scatterers with potential range larger than the lattice constant of a two-dimensional graphite and the conductance is quantized into 2e
2 /πh. 1, 2) This has been related to Berry's phase and associated topological anomaly present in Weyl's equation describing the electron motion in twodimensional graphite.
3) When there are several bands coexist at the Fermi level, interband scattering appears but a perfectly transmitting channel is present and the conductance remains larger than 2e 2 /πh. 4) The purpose of this paper is to study oscillation in localization effects as a function of magnetic flux passing through the cross section and to demonstrate symmetry crossover due to various perturbations.
The presence of a perfectly conducting channel is the consequence of a special time-reversal symmetry (see §2.5 for its meaning) closely related to a symplectic symmetry class, leading to an antisymmetric matrix of the reflection coefficients. 4, 5) In the presence of an odd number of conducting channels, this leads to the vanishing determinant, allowing the formation of a perfect channel which transmits through the system without being scattered back. 4, 5) The presence of such a channel in symplectic systems with odd channel numbers was suggested also with the use of a maximum entropy approximation for the distribution of a transfer matrix.
6−8)
An interesting feature of nanotubes is the AharonovBohm (AB) effect on the band structure. 9, 10) Recently, splitting of optical absorption and emission peaks due to flux was observed. 11−13) In the presence of a magnetic flux the time-reversal symmetry is absent and therefore the perfectly conducting channel is destroyed. Explicit numerical calculations reported previously 14) show that the perfect channel is quite fragile and disappears for flux less than 1 % of the flux quantum φ 0 = ch/e, while the absence of backscattering in metallic linear bands is quite robust against such perturbations.
When the flux is equal to a half of the flux quantum, the time-reversal symmetry is recovered but the channel number becomes even. In this case, the determinant of an antisymmetric matrix needs not vanish and the perfect channel is destroyed completely. Therefore, the flux dependence in nanotubes is quite different from a φ 0 /2 oscillation of the conductance in metallic systems on a cylinder surface, first predicted theoretically 15) and then observed experimentally.
16) This so-called AAS oscillation arises due to the symmetry change caused by the flux with period φ 0 /2.
The band structure of the two-dimensional graphite has a small trigonal warping away from K and K' points where the conduction and valence π bands cross the Fermi level. This destroys the special time-reversal symmetry and the system symmetry changes from the symplectic class into unitary. 17) Effects of a finite curvature 18, 19) and strain [19] [20] 23) can be incorporated in the k·p scheme as a form of a nonzero flux. Such an effective flux can directly be determined by a conductance measurement in the presence of magnetic flux. 24, 25) In the presence of short-range scatterers causing mixing between K and K' points, the system symmetry turns into the conventional orthogonal class. 26, 27) Such a symmetry crossover is expected to manifest itself in the flux dependence of the localization effect.
In this paper, we calculate the length dependence of the conductance and determine the inverse localization length as a function of flux at various energies in order to clarify the symmetry crossover in metallic carbon nanotubes. In §2, the k·p scheme for the description of energy bands is reviewed very briefly and a model of scatterers is introduced. Numerical results are presented in §3. A short summary is given in §4. §2. Formulation
Effective-mass description
In a graphite sheet the conduction and valence bands consisting of π orbitals cross at K and K' points of the Brillouin zone, where the Fermi level is located. 28, 29) Electronic states of the π-bands near a K point are described by the k·p equation:
with
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where γ is a band parameter, σ x and σ y are the Pauli spin matrices, andk = (k x ,k y ) = −i ∇ is a wave-vector operator.
The structure of a nanotube is specified by a chiral vector L corresponding to the circumference. In the following we shall choose the x axis in the circumference direction and the y axis in the axis direction, i.e., L = (L, 0), where L is the circumference. Electronic states of a metallic nanotube with a sufficiently large diameter are obtained by imposing the boundary conditions around the circumference direction:
3)
where φ is a magnetic flux passing through the cross section and φ 0 = ch/e. The energy bands are specified by s = ±1 (s = −1 and +1 for the valence and conduction band, respectively), integer n corresponding to the discrete wave vector along the circumference direction, and the wave vector k in the axis direction. The wave function for a band associated with the K point is written as
5) where A is the length of the nanotube,
and
The corresponding energy is given by
The k·p Hamiltonian for the K' point is obtained by replacingk y by −k y in eq. (2.2) and therefore the wave function is given by eq. (2.5) in which b ϕ (n, k) is replaced by its complex conjugate b ϕ (n, k) * .
5,9)

Long-range scatterers
We shall first consider a model system with scatterers with potential range larger than the lattice constant of two-dimensional graphite. For such scatterers, the effective potential for two carbon sites in a unit cell is the same and inter-valley scattering between the K and K' points can be safely neglected. Therefore, the K and K' points are treated as independent and the conductance is given by the sum of the contributions of two valleys. These scatterers do not destroy the symplectic symmetry of the system as will be discussed below in §2. 5 . When the potential range is smaller than the diameter, the potential of scatterers is described well by
where r i denotes the position of the ith scatterer and u i its strength.
In spite of such a delta potential, we shall call these scatterers long-range in the following in order to distinguish them from short-range scatterers causing inter-valley scattering to be introduced below in §2. 4 . In actual calculations, r i distributes randomly and an equal amount of attractive and repulsive scatterers are assumed, i.e., u i = ±u. In the lowest Born approximation the scattering strength is characterized by the dimensionless quantity 10) where n i is the concentration. The effective strength of the potential of each scatterer is characterized by the dimensionless parameterũ = u/2γL. It is straightforward to calculate a scattering matrix for a scatterer given by u i δ(r−r i ) and a conductance of a finite-length nanotube containing many scatterers by combining scattering matrices as discussed previously.
32)
The results in the absence of a magnetic field show that the conductance becomes ideal, i.e., G = 2e
2 /πh independent of the length when the Fermi level lies in linear bands.
1) It remains larger than 2e 2 /πh when the Fermi level lies in higher or lower bands due to the presence of a perfectly conducting channel. 4) In the presence of a flux, the conductance decreases with length A for sufficiently large A and the inverse localization length α is estimated fromḠ ∝ exp(−2αA), whereḠ is the geometric average of G.
In actual calculations we have to limit the bands corresponding to the circumferential motion to n = 0, ±1, · · · , ±n c . In the following, we shall useũ = 0.01 and n c = 10 for which W can be regarded as a single relevant parameter characterizing the effective strength of impurity scattering. We shall fix the electron concentration and characterize it by the Fermi energy ε 0 F in the absence of a flux. The fixed electron density is expected to be close to the actual situation in long nanotubes.
Trigonal warping
A higher order k·p term is given by
where a is the lattice constant of two-dimensional graphite and β is a constant of the order of unity. This higher order term gives rise to a trigonal warping of the dispersion. Its strength is characterized by the dimensionless parameter βa/L. This expression with β = 1 has been derived from a nearest-neighbor tight-binding model, 33) but is expected to be much more general if we regard β as an adjustable parameter.
It is possible to calculate the scattering matrix of a single impurity in the presence of trigonal warping by extending the method mentioned above. However, the number of modes at a given energy becomes twice as large as that in the case of H 0 because of the presence of higher order differential operators in H = H 0 + H 1 . Further, these extra solutions are usually evanescent modes exponentially decaying or growing along the axis direction, and a straightforward use of H gives modes containing the wave length of the order of a, violating the assumption of the k·p scheme. Therefore, we shall introduce an approximate scattering matrix that is obtained in the lowest Born approximation but gives results accurate enough for the present purpose.
27)
The approximate scattering matrix of a single impurity can be written as
with a reactance matrix
where A is the length of the system, α and β represent the channel indices, v α and v β are the corresponding velocities, and V is the impurity potential. This reproduces the scattering amplitude obtained in the lowest order Born approximation and also satisfies the unitarity condition. The validity of this approximation except in the vicinity of band edges was demonstrated previously.
Short-range scatterers
When the potential range becomes shorter than the lattice constant, the potential for A and B sublattice points in a unit cell can be different and matrix elements between K and K' points can no longer be neglected. As such scatterers, we shall consider in the following those localized at a lattice site with potential range much smaller than a, i.e., those given by a delta potential. Let ±u S be the strength and n S i be the concentration per unit area. Then, the scattering strength is characterized by the dimensionless quantity
The total scattering strength W is replaced by W L +W S , where W L is the same as W for long-range scatterers, and the dimensionless parameter is given by
An approximate scattering matrix obtained in the Born approximation is used also in actual calculations of the conductance.
Symmetry crossover
The Schrödinger equation (2.1) is invariant under a special time-reversal operation S,
where F * represents the complex conjugate of the wave function F and K is an antisymmetric unitary matrix
The corresponding operation for a Hamiltonian H is given by
This corresponds to the time reversal in systems with spin-orbit interaction and leads to
The system belongs to the symplectic universality class when only S constitutes a relevant symmetry.
34)
This symmetry prevails in the presence of impurity potential given by eq. (2.9) and leads to the signature change of the reflection coefficients under the operation S. This symmetry of the reflection coefficients leads to the absence of backward scattering and the presence of a perfectly conducting channel if combined with the odd channel number. 4) In the presence of a magnetic flux φ, the time-reversal symmetry is destroyed and the system now has the unitary symmetry except in the case ϕ = 1/2.
In the presence of a higher-order k·p term H 1 giving rise to a trigonal warping of the band away from the K and K' points, this symmetry is destroyed also because H S 1 = −H 1 . As a result the system now belongs to the unitary class. Therefore, nonzero magnetic flux φ does not lead to any symmetry change of the system.
The operation S is not the real time-reversal in a two-dimensional graphite or in a nanotube. Actually, the Bloch functions at the K and K' points are mutually complex conjugate and therefore, the K point is converted into the K' point and the K' point into the K point under the real time reversal. In the present k·p scheme, this operation T is expressed as
where ψ is an arbitrary phase factor and F K and F K are the wave functions at the K and K' points, respectively. This immediately gives
characteristic of the conventional orthogonal symmetry. Details on the derivation are given in Appendix. This time-reversal symmetry is not violated by most of scatterers even in the presence of trigonal warping unless there are magnetic fields, flux, magnetic impurities, etc. When we can neglect mixing between the K and K' points and confine ourselves to states in each valley, however, the T symmetry is irrelevant and the special S symmetry becomes relevant. In the presence of short-range scatterers causing mixing between K and K' points, the system has the T symmetry only and therefore belongs to the orthogonal class.
26) Therefore, nonzero magnetic flux φ leads to the symmetry change from the orthogonal to unitary. §3. Numerical Results Figure 1 shows some examples of the energy bands of a metallic nanotube for varying flux. For ϕ = 0, the bands with n = 0 are all doubly degenerate (n and −n) and therefore the number of the bands crossing the Fermi level is odd. For ϕ = 1/2, on the other hand, the bands n and −n−1 with n ≥ 0 are degenerate and the number of the bands crossing the Fermi level is even. As a result, the Fermi level crosses a bottom of a band once in the range 0 ≤ ϕ < 1/2. Figure 2 shows the band bottoms and some examples of the Fermi energies as a function of flux. The Fermi level has a tendency to be pinned to a band bottom having a large density of states. 14) Only a small flux less than 10 −2 φ 0 is enough to destroy the perfect channel. When the Fermi level crosses band edges, the inverse localization length takes a maximum due to the strong scattering caused by the divergent density of states. This effect is strongest when ε With the increase of the Fermi level, the structure due to the band-edge crossing becomes weaker and the dip-like minimum at ϕ = 1/2 becomes apparent. This reduction in the localization effect is due to the recovery of the time reversal symmetry at ϕ = 1/2. Figure 4 shows the corresponding results for stronger scattering W −1 = 100 (ũ = 0.01). In this case the peaklike structure associated with the band-edge crossing is much smaller presumably because of smoothing out of the singular density of states and the slight weakening of the localization effect near ϕ = 1/2 can be seen much more clearly. In the vicinity of ϕ = 0 the localization effect sets in more gradually than in the case of weak scattering W −1 = 1000 discussed above.
14)
In metallic thin films on a cylinder surface, the conductivity oscillates as a function of the flux passing through the cross section with period φ 0 /2. 15) This socalled AAS oscillation is understood as a change of the weak-localization correction. In fact, in conventional two-dimensional systems the correction is negative and tends to reduce the conductivity at ϕ = 0 and 1/2. When spin-orbit interaction is sufficiently strong, on the other hand, the correction is positive and tends to enhance the conductivity at ϕ = 0 and 1/2. 35) In the present system, such a simple φ 0 /2 oscillation of the localization effect does not appear due to this perfect channel present at ϕ = 0, which cannot be understood in terms of the weak-localization correction. In Fig. 5 there is essentially no special feature around ϕ = 0 and the flux dependence arises mainly from the Fermi level position relative to band bottoms. This fact is more clearly seen in Fig. 5 
The behavior can be expected because the system belongs to the unitary class even in the absence of flux and the magnetic flux does not cause any symmetry change as has been mentioned in the previous section. Figure 6 shows results in the presence of weak shortrange scatterers δ = 0.01. It is difficult to extract general features of the flux dependence for Fig. 6(a) ] because of large structures associated with the Fermi-level crossing with band edges, but the tendency to have a weak peak at ϕ = 0 and 1/2 in the localization effect becomes apparent with the increase of the Fermi level. Figure 7 shows results in the presence of stronger short-range scatterers δ = 0.1. In this case the enhancement of the localization effect at φ/φ 0 = 0 and 1/2 or the reduction in the localization effect for 0 < φ/φ 0 < 1/2 is more apparent.
This result can be regarded as a clear manifestation of the symmetry change from the orthogonal class at φ/φ 0 = 0 and 1/2 to the unitary class for 0 < φ/φ 0 < 1/2 where the localization effect is known to be weaker.
37)
It is expected that the conductance exhibits a φ 0 /2 oscillation when the broadening due to scattering exceeds the band separation and the clear one-dimensional band structure is destroyed completely, although the present scheme using the lowest Born approximation is inappropriate under such conditions. §4.
Summary and Conclusion
Even in the presence of scatterers except for those with potential range smaller than the lattice constant, no backward scattering is present and the conductance becomes ideal when the Fermi level lies in linear bands in metallic carbon nanotubes. When several bands coexist at the Fermi level there is a perfectly conducting channel transmitting through the system without being scattered back. These unique properties are affected by symmetry breaking perturbations such as magnetic flux, trigonal warping, short-range scatterers causing inter-valley scattering, etc. In this paper, we have considered Aharonov-Bohm effects on the localization effect in the absence and presence of various symmetry breaking perturbations and demonstrated the symmetry crossover.
In the absence of trigonal warping and short-range scatterers, a weak reduction in the localization effect appears at ϕ = 1/2 when the Fermi level lies in higher bands, corresponding to the recovery of the time reversal symmetry characteristic to the symplectic system. When a weak trigonal warping is included, no appreciable flux dependence appears because the flux does not cause symmetry change. When effects of weak short-range scatterers are taken into account, the localization effect is reduced in the presence of flux except at ϕ = 1/2 in qualitative agreement with the feature of the AAS oscillation.
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Appendix A: Time Reversal
In the following, we shall obtain the change of the wave functions in the k·p scheme under a time reversal operation T starting with a tight-binding model for simplicity. The results are much more general, however.
The structure of a 2D graphite sheet and the first Brillouin zone are shown in Fig. 8 . We have the primitive translation vectors a = a(1, 0) and b = a(−1/2, √ 3/2), and the vector connecting nearest neighbor carbon atoms τ = a(0, 1/ √ 3), where a is the lattice constant. A hexagonal unit cell contains two carbon atoms, which will be denoted by A and B. We can set R A = n a a+n b b+ τ and R B = n a a+n b b. The primitive reciprocal lattice vectors a * and b * are given by a * = (2π/a)(1, 1/ √ 3) and b * = (2π/a)(0, 2/ √ 3). The K and K' points at the corners of the Brillouin zone are given as K = (2π/a)(1/3, 1/ √ 3) and K = (2π/a)(2/3, 0), respectively.
A nanotube is specified by the chiral vector L specifying the circumference. The angle between L and the horizontal axis is called the chiral angle η. For states in the vicinity of ε = 0, the amplitude of the atomic orbital localized at site R A and that at R B are written as We have
The k·p equation for F K (r) and F K (r) in the presence of an external potential can be derived easily.
5)
The time reversal operation for the wave functions F K (r) and F K (r) is defined by 
where
with ω = e 2πi/3 . Similarly, by setting ψ * B = ψ T B we have
These results give eq. (2.21).
It is straightforward to demonstrate that the k·p equation is invariant under this operation. 
Figure Captions
W −1 = 1000. (a) ε 0 F (2πγ/L) −1 < 2. (b) ε 0 F (2πγ/L) −1 > 2.(a) ε 0 F (2πγ/L) −1 < 2. (b) ε 0 F (2πγ/L) −1 > 2.(a) ε 0 F (2πγ/L) −1 < 2. (b) ε 0 F (2πγ/L) −1 > 2.(a) ε 0 F (2πγ/L) −1 < 2. (b) ε 0 F (2πγ/L) −1 > 2.
